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Abstract
A graph G with at least 2n+ 2 vertices is said to be n-extendable if every set of n disjoint edges in G extends to (i.e., is a subset
of) a perfect matching. More generally, a graph is said to have property E(m, n) if, for every matching M of size m and every
matching N of size n in G such that M ∩ N = ∅, there is a perfect matching F in G such that M ⊆ F , but F ∩ N = ∅. G is said
to have property E(0, 0) if it has a perfect matching. The study of the properties E(m, n) is referred to as the study of restricted
matching extension.
In [M. Porteous, R. Aldred, Matching extensions with prescribed and forbidden edges, Australas. J. Combin. 13 (1996) 163–174;
M. Porteous, Generalizing matching extensions, M.A. Thesis, University of Otago, 1995; A. McGregor-Macdonald, The E(m, n)
property, M.Sc. Thesis, University of Otago, 2000], Porteous and Aldred, Porteous and McGregor-Macdonald, respectively, studied
the possible implications among the properties E(m, n) for various values of m and n. In an earlier paper [R.E.L. Aldred, Michael
D. Plummer, On restricted matching extension in planar graphs, in: 17th British Combinatorial Conference (Canterbury 1999),
Discrete Math. 231 (2001) 73–79], the present authors completely determined which of the various properties E(m, n) always
hold, sometimes hold and never hold for graphs embedded in the plane. In the present paper, we do the same for embeddings in the
projective plane, the torus and the Klein bottle.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A matching in a graph G is any set of independent edges; i.e., edges no two of which have a vertex in common. A
matching is perfect if it spans all vertices of G. A matching M in graph G is extendable if it is a subset of some perfect
matching in G. Graph G is said to be n-extendable if |V (G)| ≥ 2n + 2 and every matching of size n in G extends
to (i.e., is a subset of) a perfect matching in G. More generally, graph G is said to have property E(m, n) (or more
briefly, is said to be E(m, n)) if |V (G)| ≥ 2(m+n+1) and for every matching M of size m and every matching N of
size n in G such that M ∩ N = ∅, there is a perfect matching F in G such that M ⊆ F , but N ∩ F = ∅. In [13,12,6],
Porteous and Aldred, Porteous and McGregor-Macdonald, respectively, studied the possible implications among the
properties E(m, n) for various values of m and n. That portion of the lattice of implications (and non-implications)
which will be pertinent to the present paper is summarized in Fig. 1.1.
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Fig. 1.1. A partial lattice of implications for the E(m, n) property.
Lemma 1.1 ([13, Corollary 2.2]). If graph G is E(m, n), then G is (m + 1)-connected.
An embedding of a graph G on the surface Σ is said to be 2-cell if every face of the embedding is homeomorphic
to a disc. For 2-cell embeddings, we have Euler’s formula:
Theorem 1.2. If G is a 2-cell embedded on the surface Σ having genus g (resp. non-orientable genus g) and if the
embedded G has |V (G)| = p vertices, |E(G)| = q edges and |F(G)| = f faces, then p − q + f = 2 − 2g (resp.
p − q + f = 2− g).
The following two results are of paramount importance when working with minimal embeddings. The first is due
to Youngs [18] and the second to Parsons, Pica, Pisanski and Ventre [9].
Theorem 1.3. Every minimal orientable embedding of a graph G is a 2-cell.
Theorem 1.4. Every graph G has a minimal non-orientable embedding which is a 2-cell.
We shall also make use of the concept of “Euler Contribution”. (See e.g. [7,8,10,2].) Let v be any vertex of a graph
G minimally embedded on a surface Σ . Define the Euler contribution of vertex v to be
Φ(v) = 1− d(v)
2
+
d(v)∑
i=1
1
xi
, (1.1)
where the sum runs over the face angles at vertex v and xi denotes the size of the i th face at v. (One should keep in
mind here that a face may contribute more than one face angle at a vertex v. K5 has such a minimal embedding on the
torus, for example.)
Let χ(Σ ) denote the Euler characteristic of the surface Σ ; that is, χ(Σ ) = 2− 2g if Σ has orientable genus g and
χ(Σ ) = 2− g if Σ has non-orientable genus g.
The next result is essentially due to Lebesgue [4].
Lemma 1.5. If a connected graph G is minimally embedded on the surface Σ , then
∑
v∈V (G) Φ(v) = χ(Σ ).
We define a vertex v to be a control vertex if Φ(v) ≥ χ(Σ )/V (G). Let d(v) denote the degree of vertex v.
Lemma 2.5 of [2] states
Lemma 1.6. If G is minimally embedded in surface Σ , then for each control vertex v, if any,
d(v) ≤ 6− 6χ(Σ )/|V (G)|.
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The next result follows immediately from the definitions of Φ(v) and control vertex.
Lemma 1.7. If v is a control vertex of a minimal embedding of graph G in surface Σ , then
d(v)∑
i=1
1
xi
≥ χ(Σ )|V (G)| +
d(v)
2
− 1.
Certain implications among the properties E(m, n) exist for various values of m and n for graphs in general. A
summary of these implications is shown in Fig. 1.1.
In this paper, the properties E(m, n) for graphs embedded in the plane, projective plane, torus and Klein bottle are
investigated.
We denote by γ (G) (respectively, γ (G)), the orientable genus (respectively, non-orientable genus) of the graph G.
2. Restricted matching in the plane
The following theorem represents a summary of results on restricted matching already known for graphs embedded
in the plane. For the proofs see [1,11,5] and the lattice of implications shown in Fig. 1.1.
Theorem 2.1. (a) No planar graph is E(2, 1).
(b) There exist 3-connected even planar graphs which are not E(0, 0).
(c) If G is 4-connected, even and planar, then G is E(1, 1) (and therefore also E(1, 0), E(0, 1) and E(0, 0)) and
E(0, 3) (and therefore also E(0, 2)).
(d) There exist 4-connected even planar graphs which are not E(1, 2) and not E(0, 4).
(e) If G is 5-connected, even and planar, then G is E(2, 0), E(1, 2) (and therefore also E(1, 1), E(1, 0), E(0, 3),
E(0, 2), E(0, 1)) and E(0, 4).
(f) There exist 5-connected even and planar graphs which are not E(1, 3) and not E(0, 5).
3. Restricted matching in the projective plane
Theorem 3.1. No projective planar graph is E(2, 1).
Proof. Suppose, to the contrary, that G is a projective planar graph which is E(2, 1). Thus by Lemma 1.1, G is
3-connected and by the definition of E(2, 1), G has at least eight vertices.
By Theorem 1.4 we may assume that G is a 2-cell embedded in the projective plane. Since ΣvΦ(v) = 1, there are
control vertices. Let v denote one such. Then by Lemma 1.5, d(v) < 6 and hence d(v) = 3, 4 or 5. We consider these
three cases separately.
(a) Suppose first that d(v) = 3.
Let the neighbor set of v, N (v) = {x, y, z}. Let V1 = {v, x, y, z} and V2 = V (G) − V1. Since G is 3-connected,
by Menger’s theorem, there are three vertex-disjoint paths joining V1 and V2; which must end in V1 at x, y and z,
since d(v) = 3. Suppose path Px (resp. Py , Pz) ends at vertex x (resp. y, z) via edge ex (resp. ey, ez). Thus no perfect
matching of G contains ex and ey , while failing to contain edge vz. Hence G is not E(2, 1), a contradiction.
(b) Suppose next that d(v) = 4.
Thus by Lemma 1.7,
∑4
i=1 1/xi > 1. So there exists at least one triangular face at v. Without loss of generality,
suppose the four neighbors of v, in clockwise order about v are x, y, z and w respectively, where vxy is a triangular
face. Suppose w has a neighbor u 6∈ {v, x, y, z}. Then no perfect matching of G can contain both of xy and wu, but
not edge vz, contradicting the assumption that G is E(2, 1). So N (w) ⊆ {v, x, y, z}.
Suppose w is adjacent to z. Then no perfect matching of G can contain edges xy and wz and so G is not E(2, 0)
and hence via the lattice of implications, G is not E(2, 1), again a contradiction. So w is not adjacent to z. Hence by
3-connectivity, N (w) = {v, x, y} and by symmetry, N (z) = {v, x, y}. But then no perfect matching can contain both
wx and zy and again we have a contradiction.
(c) Finally, suppose d(v) = 5.
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Fig. 3.1. The graph G1.
So by Lemma 1.7,
∑5
i=1 1/xi > 3/2 and it follows that at least three faces at v are triangles. But then there must
exist a pair of non-adjacent triangular faces at v. Without loss of generality, let us suppose that the neighbors of v
(clockwise) are x1, . . . , x5, where triangle vx1x2 bounds a triangular face as does triangle vx3x4. But then no perfect
matching can contain edges x1x2 and x3x4, and avoid edge vx5, again a contradiction. 
From the lattice of implications, we immediately have the next result.
Corollary 3.2. No projective planar graph is E(3, 0).
Next we claim that there are 3-connected even projective planar graphs which are not E(0, 0). For one such,
consider the graph G1 on sixteen vertices shown in Fig. 3.1. This graph is constructed as follows. Let K6 be
(minimally) embedded on the projective plane. Insert a new vertex in the interior of each of the triangular faces
and join it to the three vertices bounding that face. (This construction is often called “capping” and the resulting graph
on sixteen vertices is called a “Kleetope”.)
Let the set of ten vertices of degree 3 be denoted by S. Then when one deletes V (G1)−S, a set of six vertices, there
remains only the set S, a set of ten singletons, and hence by Tutte’s 1-factor theorem, there is no perfect matching in
the graph. Moreover, G1 can be contracted to a multigraph containing K5 and so γ (G1) = 1.
The graph in Fig. 3.1 is an example of a well-known type called a Kleetope. This graph can easily be generalized
to an infinite family of 3-connected even projective planar graphs which have no perfect matching.
At this point, we wish to introduce a graph process that will be called “distillation” which will be used repeatedly
in the remainder of the paper. First, note that by Euler’s formula, a bipartite graph of orientable genus g (respectively,
non-orientable genus g) with v vertices and e edges satisfies e ≤ 2v − 4+ 4g (respectively, e ≤ 2v − 4+ 2g). Let G
be a k-connected graph having orientable genus g (respectively, non-orientable genus g) which is not E(m, n). Then
there are disjoint matchings M and N with |M | = m and |N | = n such that the graph G ′ = G − V (M) − N has no
perfect matching. Thus by Tutte’s theorem, there is a set S′ ⊆ V (G ′) with co(G ′ − S′) = |S′| + 2 + 2 j , for some
j ≥ 0. Here co(G ′ − S′) denotes the number of odd components of G ′ − S′. Let s′ = |S′|.
Form the bipartite (M, N , S′)-distillation of G by deleting all even components of G ′ − S′, all edges in
G[S′ ∪ V (M)] and contracting each odd component of G ′− S′ to a separate single vertex. Denote the resulting graph
by G∗. Then |V (G∗)| = v∗ = 2s′ + 2m + 2+ 2 j and, since G is k-connected, |E(G∗)| = e∗ ≥ k(s′ + 2+ 2 j)− 2n.
Also note that, since G∗ is a minor of G, γ (G∗) ≤ γ (G) = g (respectively, γ (G∗) ≤ γ (G) = g).
An example of bipartite distillation is shown in Fig. 3.2 starting with the Petersen graph, labeled as shown.
Theorem 3.3. If G is a k-connected even graph minimally embedded in the projective plane, then G is E(m, n),
where k,m and n are related as follows:
(a) if k = 4 and m = 1, then n = 0;
(b) if k = 4 and m = 0, then n = 0, 1, 2;
(c) if k = 5 and m = 2, then n = 0;
(d) if k = 5 and m = 1, then n = 0, 1, 2;
(e) if k = 5 and m = 0, then n = 0, 1, 2, 3, 4.
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Fig. 3.2. The graph G∗ is the bipartite (M, N , S′)-distillation of the Petersen graph, where M = {e}, N = { f1, f2}, S′ = {v5}. The vertex C in
G∗ corresponds to the odd component of G − V (M)− N − S′ on vertices {u2, v2, v4, u4, v3}.
Proof. Suppose, to the contrary, that G is an even k-connected graph minimally embedded in the projective plane, but
G is not E(m, n). Suppose further that n is as small as possible so that for the given value of m, G is not E(m, n).
Thus there are disjoint matchings M, N with |M | = m and |N | = n such that G ′ = G − V (M) − N has no perfect
matching. By Tutte’s theorem there is a subset S′ ⊂ V (G ′) such that co(G ′ − S′) = |S′| + 2 + 2 j for some integer
j ≥ 0. By the minimality of n we have j = 0.
Form G∗, the bipartite (M, N , S′)-distillation of G and let |S′| = s′. Then |V (G∗)| = v∗ = 2m + 2s′ + 2 and,
since G∗ is bipartite and projective planar, |E(G∗)| = e∗ ≤ 2v∗ − 2 = 4m + 4s′ + 6.
On the other hand, since G is k-connected, e∗ ≥ k(s′ + 2)− 2n. Consequently,
k(s′ + 2)− 2n ≤ e∗ ≤ 2v∗ − 2 = 4m + 4s′ + 2. (∗)
We now distinguish cases for k and m as indicated in the statement of the theorem.
Case (a). k = 4 and m = 1. Then (∗) becomes 4(s′ + 2) − 2n ≤= 4s′ + 6 i.e. n ≥ 1 and part (a) of the theorem
follows.
Case (b). k = 4 and m = 0. Then (∗) becomes 4(s′ + 2) − 2n ≤= 4s′ + 2 i.e. n ≥ 3 and part (b) of the theorem
follows.
Case (c). k = 5 and m = 2. Then (∗) becomes 5(s′ + 2)− 2n ≤= 4s′ + 10. i.e. 2n ≥ s′. If n = 0, then s′ ≤ 0. This
contradicts the assumption that G is 5-connected and part (c) of the theorem follows.
Case (d). k = 5 and m = 1. Then (∗) becomes 5(s′ + 2) − 2n ≤= 4s′ + 6. i.e. 2n ≥ s′ + 4. If n ≤ 2, then s′ ≤ 0.
This contradicts the assumption that G is 5-connected and part (d) of the theorem follows.
Case (e). k = 5 and m = 0. Then (∗) becomes 5(s′ + 2) − 2n ≤= 4s′ + 2. i.e. 2n ≥ s′ + 8. If n ≤ 4, then s′ ≤ 0.
This contradicts the assumption that G is 5-connected and part (e) of the theorem follows. 
Theorem 3.1 and Corollary 3.2 indicate the sharpness of Theorem 3.3(c). In the following we present graphs to
indicate the sharpness of the other parts of Theorem 3.3.
In contrast to the situation in the planar case, there are 4-connected even projective planar graphs which are not
E(1, 1). In this sense Theorem 3.3(a) is the best possible. An example to show this is the graph G2 in Fig. 3.3.
Clearly, there is no perfect matching in G2 which contains edge e while avoiding edge f .
Fig. 3.4 shows a 4-connected even projective planar graph G3 which is not E(0, 3). Clearly, if the three edges
f1, f2, f3 are deleted, the resulting graph does not have a perfect matching. Moreover, G3 is not planar, since it
clearly contains a subgraph which is contractible to K3,3. So Theorem 3.3(b) is sharp.
Now consider the 5-connected projective planar graph G4 on sixteen vertices embedded on the projective plane as
shown in Fig. 3.5. If one deletes the edges f3, f4 and f5 as well as the endvertices of edge e, clearly there is no perfect
matching in the remaining subgraph, so G4 is not E(1, 3). Finally, if one deletes the five edges f1, . . . , f5 there is no
perfect matching in the remaining subgraph, so G4 is not E(0, 5) either. This graph is clearly non-planar, for the outer
ring of five vertices spans a copy of K5. Thus Theorem 3.3(d) and (e) are sharp.
Since it is an easy consequence of Euler’s formula that there is no 6-connected graph embeddable in the projective
plane, this completes our investigation of restricted matching for graphs on this surface.
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Fig. 3.3. The graph G2.
Fig. 3.4. The graph G3.
Fig. 3.5. The graph G4.
4. Restricted matching on the torus
We begin by proving that there are no even toroidal graphs which have the property E(3, 1), but there are some
which are E(3, 0). However, the structure of the latter is quite well determined.
Theorem 4.1. Let G be a toroidal graph. Then if G is E(3, 0), G is a 4-regular quadrangulation.
Proof. Suppose that G is an even toroidal graph which is E(3, 0). Then G is 4-connected by [13] and has a 2-cell
embedding on the torus. By [2, Lemma 2.3],
∑
Φ(v) = χ(Σ ) = 0. So either there is a vertex v with Φ(v) > 0, or
else Φ(v) = 0, for all vertices v.
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Fig. 4.1. The faces around v.
(a) Suppose first that there is a vertex v with Φ(v) > 0. Then by (1.1) it follows that d(v) < 6 and hence d(v) = 4
or 5.
(a-1) Suppose first that d(v) = 4. Then by (1.1) we have∑4i=1 1/xi > 1. So there must be at least one triangular face
at v. If there are three or more triangular faces at v, clearly G is not E(2, 0) and hence by the lattice of implications,
not E(3, 0), a contradiction. So there are one or two triangular faces at v.
First, suppose there are two non-consecutive triangular faces at v. Then G is not E(2, 0) and hence not E(3, 0), a
contradiction. So we may suppose that the vertices and faces adjacent to vertex v are as shown in Fig. 4.1, where one
of the faces at angles u2vu3 or u1vu4 may be triangular, but the face at u3vu4 is not a triangle.
Suppose N (u3) = {u1, u2, u4}. Then since |V (G)| > 5, {u1, u2, u4} is a vertex cut of size three contradicting the
fact that G is 4-connected. So there exists a vertex w which is adjacent to u3, but w 6∈ {u1, u2, u4}. But then there
cannot be a perfect matching in G which contains u1u2 and u3w, but not vu4. So G is not E(2, 1) and we have a
contradiction.
(a-2) So finally suppose d(v) = 5. Then by (1.1), ∑5i=1 1/xi > 3/2 and it follows that there are at least three
triangular faces at v. But then there exist at least two non-consecutive triangular faces at v and it follows immediately
that G is not E(2, 1), once more a contradiction.
(b) So suppose that Φ(v) = 0, for all vertices v. Then from Eq. (1.1), it follows that d(v) ≤ 6. So 4 ≤ d(v) ≤ 6, for
all v ∈ V (G). Now let v be any vertex in V (G).
(b-1) First, suppose that d(v) = 5. Arguing as in case (a-2) above, we reach a contradiction.
(b-2) Next suppose d(v) = 6. Then by (1.1),∑6i=1 1/xi = 2. So there must be six triangular faces at vertex v and so
clearly G is not E(3, 0).
(b-3) Finally, suppose d(v) = 4. Moreover, we may suppose that this holds for every v ∈ V (G). Then∑4i=1 1/xi = 1
and hence each xi = 4. Thus G is a 4-regular quadrangulation as claimed. 
Corollary 4.2. If G is even and toroidal, then G is not E(3, 1) (and hence G is not E(4, 0)).
Proof. Arguing as in the proof of the preceding theorem, we can reduce the argument to the case in which G is a
4-regular quadrangulation. Also by Lemma 1.1, G is 4-connected. Choose v ∈ V (G) and let v1, v2, v3, v4 be the
neighbors of v in clockwise order. Since G is a quadrangulation, there are vertices ui 6= v, 1 ≤ i ≤ 4 such that ui is a
common neighbor of vi and vi+1, subscript addition modulo 4. Since G is 4-connected), ui 6= ui+1. Thus u1v1, u2v2
are matching. Since G is regular of degree 4, v3 has a neighbor, u 6∈ {v, u1, u2}. So M = {u1v1, u2v2, uv3} is a
matching of size 3. Then clearly, there is no perfect matching of G which contains M and avoids vv4. So G is not
E(3, 1). 
Remark. There exist infinitely many even toroidal graphs which are E(3, 0) (and hence E(2, 1)). The 4-regular
quadrangulations C4k ×C4k , for k ≥ 1 constitute such an infinite family. On the other hand, C3×C2k , is toroidal, but
not E(3, 0), for any k ≥ 2.
We next give an example showing that a 3-connected even toroidal graph need not even be E(0, 0). Consider the
graph on eight vertices drawn on the torus in Fig. 4.2.
We form the “Kleetope” over this graph by inserting a new vertex in the interior of each face and joining the new
vertex to the vertices of the cycle bounding this face. Denote the resulting graph on eighteen vertices by G5. Then if
one deletes the original eight vertices, one obtains ten isolated vertices and hence G5 has no perfect matching. Clearly
G5 is not planar since if one contracts the four vertices spanning the inner square to a single vertex, one forms a K5.
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Fig. 4.2. The framework of the graph G5.
When an even toroidal graph is at least 4-connected we are able to conclude certain E(m, n) properties as detailed
in the following theorem.
Theorem 4.3. If G is a k-connected even graph minimally embedded in the torus, then G is E(m, n), where k,m and
n are related as follows:
(a) if k = 4 and m = 0, then n = 0, 1;
(b) if k = 5 and m = 1, then n = 0, 1, 2;
(c) if k = 5 and m = 0, then n = 0, 1, 2, 3, 4;
(d) if k = 6 and m = 2, then n = 0, 1;
(e) if k = 6 and m = 1, then n = 0, 1, 2, 3;
(f) if k = 6 and m = 0, then n = 0, 1, 2, 3, 4, 5.
Proof. Suppose, to the contrary, that G is an even k-connected graph minimally embedded in the torus, but G is not
E(m, n). Suppose further that n is as small as possible so that for the given value of m, G is not E(m, n). Thus there
are disjoint matchings M, N with |M | = m and |N | = n such that G ′ = G − V (M)− N has no perfect matching. By
Tutte’s theorem there is a subset S′ ⊂ V (G ′) such that co(G ′ − S′) = |S′| + 2 + 2 j for some integer j ≥ 0. By the
minimality of n we have j = 0.
Form G∗, the bipartite (M, N , S′)-distillation of G and let |S′| = s′. Then |V (G∗)| = v∗ = 2m + 2s′ + 2 and,
since G∗ is bipartite and projective planar, |E(G∗)| = e∗ ≤ 2v∗ = 4m + 4s′ + 4. On the other hand, since G is
k-connected, e∗ ≥ k(s′ + 2)− 2n. Consequently,
k(s′ + 2)− 2n ≤ e∗ ≤ 2v∗ = 4m + 4s′ + 4. (∗∗)
We now distinguish cases for k and m as indicated in the statement of the theorem.
Case (a). k = 4 and m = 0. Then (∗∗) becomes 4(s′ + 2) − 2n ≤= 4s′ + 4 i.e. n ≥ 2 and part (a) of the theorem
follows.
Case (b). k = 5 and m = 1. Then (∗∗) becomes 5(s′ + 2)− 2n ≤ 4s′ + 8 i.e. 2n ≥ s′ + 2.
If 2m + s′ ≥ 5, then s′ ≥ 3 and 2n ≥ 5 so that n ≥ 3. Otherwise, since G is 5-connected, if 2 + s′ ≤ 4,
G−V (M)− S′ is at least (5−2m− s′)-connected. But G ′− S′ = G−V (M)−N − S′ has at least s′+2 components.
Thus n ≥ s′ + (5− 2m − s′) = 3 and part (b) of the theorem follows.
Case (c). k = 5 and m = 0. Then (∗∗) becomes 5(s′ + 2)− 2n ≤ 4s′ + 4. i.e. 2n ≥ s′ + 6.
If s′ ≥ 5, then 2n ≥ 11 so that n ≥ 6. Otherwise, since G is 5-connected, G− S′ is at least (5− s′)-connected. But
G ′− S′ = G− N − S′ has at least s′+ 2 components. Thus n ≥ s′+ (5− s′) = 5 and part (c) of the theorem follows.
Case (d). k = 6 and m = 2. Then (∗∗) becomes 6(s′ + 2)− 2n ≤ 4s′ + 12. i.e. n ≥ s′.
If 4+ s′ ≥ 6, then s′ ≥ 2 and n ≥ 2. Otherwise, since G is 6-connected, G − V (M)− S′ is at least (6− 4− s′)-
connected. But G ′ − S′ = G − N − S′ has at least s′ + 2 components. Thus n ≥ s′ + (6− 4− s′) = 2 and part (d) of
the theorem follows.
R.E.L. Aldred, M.D. Plummer / Discrete Mathematics 308 (2008) 5907–5921 5915
Fig. 4.3. The graph G6.
Fig. 4.4. The graph G7.
Case (e). k = 6 and m = 1. Then (∗∗) becomes 6(s′ + 2)− 2n ≤ 4s′ + 8. i.e. n ≥ s′ + 2.
If 2+ s′ ≥ 6, then s′ ≥ 4 and n ≥ 6. Otherwise, since G is 6-connected, G − V (M)− S′ is at least (6− 2− s′)-
connected. But G ′ − S′ = G − N − S′ has at least s′ + 2 components. Thus n ≥ s′ + (6− 2− s′) = 4 and part (e) of
the theorem follows.
Case (f). k = 6 and m = 0. Then (∗∗) becomes 6(s′ + 2)− 2n ≤ 4s′ + 4. i.e. n ≥ s′ + 4.
If s′ ≥ 6, then n ≥ 10. Otherwise, since G is 6-connected, G − S′ is at least (6 − s′)-connected. But
G ′ − S′ = G − N − S′ has at least s′ + 2 components. Thus n ≥ s′ + (6 − s′) = 6 and part (f) of the theorem
follows. 
We next consider the sharpness of the results in Theorem 4.3. The result in Theorem 4.3(a) is the best possible in
that there are 4-connected even toroidal graphs which are not E(0, 2). For example, we have the graph G6 embedded
as in Fig. 4.3. If one deletes the edges f1 and f2, the remaining graph has no perfect matching. Also if one contracts
edges f1 and f2, a homeomorph of K4,4 is obtained and hence γ (G6) = 1.
A 4-connected even toroidal graph need not be E(1, 0) either. Consider the embedded graph G7 in Fig. 4.4 obtained
as follows. Embed K4,4 on the torus as shown and then add one further edge, denoted by e, joining two vertices of
the same color class of the K4,4. Clearly, e cannot lie in any perfect matching of G7. Since γ (K4,4) = 1 (cf. [15]), it
follows that γ (G7) = 1 as well.
The results in Theorem 4.3 pertaining to 5-connected graphs are also best possible as indicated below.
There exist 5-connected even toroidal graphs which are not E(2, 0) (and hence not E(3, 0) nor E(2, 1)). The thirty-
eight vertex graph G8 shown embedded on the torus in Fig. 4.5 is one such graph. Clearly, by Tutte’s theorem, there
is no perfect matching in the subgraph resulting from the deletion of the endvertices of edges e1 and e2, for the further
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Fig. 4.5. The graph G8.
Fig. 4.6. The graph G9.
deletion of vertex v leaves three odd components. Moreover, γ (G8) = 1 since if one deletes edges e1 and e2, one
obtains a graph which contracts to K3,5 and γ (K3,5) = 1 (cf. [15]).
There are 5-connected even toroidal graphs which are not E(1, 3) and not E(0, 5). One such graph G9 having
twenty-six vertices is presented in Fig. 4.6. Clearly there is no perfect matching in G8 − V (e) − f1 − f2 − f3 and
hence G9 is not E(1, 3). Likewise, no perfect matching can exist in G9− f1− f2− f3− f4− f5 and hence G9 is not
E(0, 5).
We have seen that a 5-connected even toroidal graph need not be E(2, 1). Theorem 4.4 shows that we are able to
deduce considerable structure in a 5-connected even toroidal graph that is E(2, 1).
Theorem 4.4. If G is a 5-connected even toroidal graph which is also E(2, 1), then G is a 6-regular triangulation.
Proof. Suppose G is 5-connected, even, toroidal and E(2, 1). As in the proof of Theorem 4.1, either there is a vertex
v with Φ(v) > 0, or else Φ(v) = 0 for all vertices v.
(a) Suppose first that there is a vertex v with Φ(v) > 0. Then by (1.1) and 5-connectivity, d(v) = 5. But then arguing
exactly as in part (a) of the proof of Theorem 4.1, G is not E(2, 1), a contradiction.
(b) So we may suppose that Φ(v) = 0, for all v ∈ V (G). Choose a v ∈ V (G). Then again via (1.1), it follows that
d(v) = 5 or 6. If d(v) = 5, then, arguing exactly as in case (b-1) of the proof of Theorem 4.1, G is not E(2, 1),
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Fig. 4.7. A 6-connected even toroidal graph which is not E(2, 2).
again a contradiction. So d(v) = 6 and again, as in case (b-2) of the proof of Theorem 4.1, there must be six
triangular faces at v. 
Returning to our discussion on the sharpness of results in Theorem 4.3, let us now consider 6-connected even
toroidal graphs. Theorem 4.3(d) is the best possible in the sense that a 6-connected even toroidal graph need not be
E(2, 2). Such a graph is shown in Fig. 4.7.
We believe that the results of Theorem 4.3(e) and (f) are not the best possible, but have been unable to improve
them.
Remark. It is known (cf. [12, Theorem 4.2.8]) that:
E(0, 5) 6−→ E(0, 4) 6−→ E(0, 3), (4.1)
but whether or not either of these implications hold for the torus is not known.
5. Restricted matching on the Klein bottle
Theorem 5.1. Let G be an even graph minimally embedded on the Klein bottle. Then if G is E(3, 0), G is a 4-regular
quadrangulation.
Proof.
∑
Φ(v) = χ(Σ ) = 0 for graphs minimally embedded on the Klein bottle. From here on, one simply repeats
the proof of Theorem 4.1. 
Corollary 5.2. If G is even and γ (G) = 2, the G is not E(3, 1) (and hence not E(4, 0)).
Proof. The proof is identical to that of Corollary 4.2. 
Remark. There exist even Klein bottle graphs which are E(3, 0) (and hence also E(2, 1)). A simple example is the
complete bipartite graph K4,4. (Note that γ (K4,4) = 2. See [14].)
It is interesting that the “twisted” quadrangulations of the Klein bottle are not necessarily E(3, 0). See the example
G10 in Fig. 5.1. Note that in this graph the three edges e1, e2 and e3 do not extend to a perfect matching.
That a 3-connected even Klein bottle graph need not even be E(0, 0) is shown by the eight vertex tripartite graph
G11 = K5,2,1. That the non-orientable genus of G11 is 2 has only recently been shown to be true by Ellingham,
Stephens and Zha [3]. It is clear from Tutte’s theorem, that this graph does not have a perfect matching.
Theorem 5.3. If G is a k-connected even graph minimally embedded in the Klein bottle, then G is E(m, n), where
k,m and n are related as follows:
(a) if k = 4 and m = 0, then n = 0, 1;
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Fig. 5.1. The graph G10.
Fig. 5.2. The graph G12.
(b) if k = 5 and m = 1, then n = 0, 1, 2;
(c) if k = 5 and m = 0, then n = 0, 1, 2, 3, 4;
(d) if k = 6 and m = 2, then n = 0, 1;
(e) if k = 6 and m = 1, then n = 0, 1, 2, 3;
(f) if k = 6 and m = 0, then n = 0, 1, 2, 3, 4, 5.
Proof. The proof is identical to the proof of Theorem 4.3. 
The sharpness of the results in Theorem 5.3 exactly parallel Theorem 4.3 but, of course, the actual graphs required
to demonstrate sharpness are different. Our discussion begins with the 4-connected case.
The result in Theorem 5.3(a) is best possible in that there are 4-connected even graphs of non-orientable genus 2
which are not E(0, 2). The graph G12 embedded as in Fig. 5.2 is one such, for if one deletes the edges f1 and f2, the
remaining graph has no perfect matching. Also, if one contracts the edges f1 and f2, one obtains a homeomorph of
K4,4. Hence γ (G12) = 2.
Also there are 4-connected even Klein bottle graphs which are not E(1, 0). One simple example is the graph G13
shown embedded on the Klein bottle in Fig. 5.3. Graph G13 consists of the complete bipartite graph K4,4 with one
additional edge e joining two vertices of the same set of the bipartition. Note that γ (K4,4) = 2, (See cf. [14]), and
hence the embedding exhibited in Fig. 5.3 shows that γ (G13) = 2.
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Fig. 5.3. The graph G13.
Fig. 5.4. The graph G14.
The results in Theorem 5.3 pertaining to 5-connected graphs are also best possible as indicated below.
There are 5-connected even Klein bottle graphs which are not E(2, 0). One such graph G14 on thirty-eight vertices
embedded on the Klein bottle is shown in Fig. 5.4. Note that G14 contains a subgraph contractible to K3,5. Since
γ (K3,5) = 2 (cf. [14]), it follows that γ (G14) = 2 as well.
We point out that graphs G8 and G14 are not the same.
We next observe that there are 5-connected even Klein bottle graphs which are neither E(1, 3) nor E(0, 5). Let
G15 be constructed as follows. Join two disjoint copies of K5 with a perfect matching consisting of five independent
edges f1, . . . , f5. Graph G15 can be embedded on the Klein bottle as is shown in Fig. 5.5. (Here we consider the Klein
bottle to be constructed by inserting two disjoint crosscaps into a planar region.) Let e denote the edge so labeled in
Fig. 5.3. Then clearly if one deletes the endvertices of e and the edges f3, f4 and f5, there is no perfect matching in
the resulting subgraph. Hence G15 is not E(1, 3). Moreover, if one deletes the five edges fi , 1 ≤ i ≤ 5, from G15,
there is no perfect matching in the resulting graph, and so G15 is not E(0, 5) either.
It thus remains only to show that γ (G15) = 2. Let U denote the subgraph consisting of the two disjoint copies of
K5 which remain when the matching f1, . . . , f5 is deleted from G15. We proceed to show that γ (U ) = 2.
As in [17, p. 180], we define the manifold number µ(G) of a graph G by µ(G) = max{2 − 2γ (G), 2 − γ (G)}.
A graph is then defined to be orientably simple if γ (G) > 2γ (G). The following theorem is due to Stahl and
Beineke [16].
Theorem 5.4 ([16]). Let G be a graph with blocks (or components) G1, . . . ,Gk . If G is orientably simple, then
γ (G) = 1− k +∑ki=1 γ (Gi ). Otherwise, γ (G) = 2k −∑ki=1 µ(Gi ).
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Fig. 5.5. The graph G15.
Fig. 5.6. A 6-connected even Klein bottle graph which is not E(2, 2).
Now graph U has two components G1 and G2 each of which is isomorphic to K5. Suppose γ (U ) = 1. Now since
γ (U ) ≥ 1 (since K5 is not planar), it follows that µ(U ) = max{2−2γ (U ), 2−γ (U )} = 1. Hence U is not orientably
simple. But then by Theorem 5.4, γ (U ) = 2 × 2 −∑2i=1 µ(Gi ) = 4 − (2 × 1) = 2, since µ(Gi ) = 1 for both G1
and G2. But this is a contradiction and hence γ (U ) = 2, as claimed.
Theorem 5.5. If G is a 5-connected even graph minimally embedded in the Klein bottle which is also E(2, 1), then
G is a 6-regular triangulation.
Proof. The proof is identical to that of Theorem 4.4. 
Returning to our discussion on the sharpness of results in Theorem 5.3, let us consider 6-connected even Klein
bottle graphs.
Theorem 5.3(d) is best possible in the sense that a 6-connected even Klein bottle graph need not be E(2, 2). Such
a graph is shown in Fig. 5.6.
We do not believe Theorem 5.3(e) and (f) to be the best possible, but have been unable to prove it. Moreover, again,
we do not know if the inequalities (4.1) hold for the Klein bottle.
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